This paper presents a thermodynamically consistent constitutive model for natural soils with bonds. In the model, the free energy (the internal energy available to do work) is contributed partly by the so-called frozen or locked energy, whose evolution is assumed to be homogeneously related to the irrecoverable deformation. During loading, the bonds existing in the natural soil not only boost the dissipation rate but also liberate certain historically accumulated locked energy. Such effects, however, are diminished as loading proceeds and the bonds are destroyed. The novel aspect of the present model is that it accommodates both the Mohr-Coulomb and critical-state failure modes, and the two modes are unified through the evolution law of a thermodynamic force associated with the locked bonding energy. As compared with the classical Cam-clay models, the model contains two additional material constants, where one is proposed by Collins & Kelly to improve the shape of the yield surface, and the other is dedicated to bonding evolution. The calibration procedure for the material parameters is provided. The capability of the model is demonstrated by a series of model simulations on a hypothetical bonded soil under various triaxial loading paths, and the model response is also compared with representative testing results in the literature.
INTRODUCTION
The mechanical behaviour of natural soil is notably different from its remoulded counterpart (Burland, 1990; Leroueil & Vaughan, 1990; Burland et al., 1996; Callisto & Calabresi, 1998; Gasparre et al., 2007) . During isotropic or K 0 compression, natural clays show a stiffer (lower compressibility) response than their corresponding reconstituted sediments up to a higher pressure, as shown schematically in Fig. 1(a) . This indicates that, while a low compressibility is maintained, a natural soil can sustain a higher overburden pressure than its reconstituted counterpart. Further increase of this pressure results in a sharp yield point, after which the compression curve drops towards and eventually merges with the compression line of the reconstituted specimen (sometimes referred to as the intrinsic compression curve). Natural clays in general have a true cohesion arising from the geological processes, with which the specimen can stand at a zero confining pressure. This strength component, however, will be destroyed by loading, often leaving a distinct peak in the shear stress-strain curve, as shown in Fig. 1(b) . It is generally accepted that there are bonds between natural clay grains, and it is these bonds that are responsible for the aforementioned observations.
Large varieties of soil constitutive models, including the well-known Cam-clay models, have been formulated since the development of critical-state soil mechanics (Roscoe et al., 1958; Roscoe & Schofield, 1963; Roscoe & Burland, 1968; Schofield & Wroth, 1968) . However, critical-state theory is applicable only to reconstituted clays in which bonding or true cohesion does not exist (Schofield, 1998 (Schofield, , 2005 (Schofield, , 2006 . In this regard, it is understood that the strength of a reconstituted soil comes from internal friction and interlocking/dilation (Taylor, 1948) . For a soil being distorted appreciably, interlocking (if any) is lost, and the soil will fail in a pure frictional manner, in which shear deformation can be developed indefinitely. This is the well-known critical or ultimate state of a soil. For natural soils, the presence of intergrain bonds results in a true cohesion, which is a strength component in addition to those due to interlocking and friction. It is evident that the intergrain bonds will be shattered by loading (disturbance) at a finite deformation; accordingly, true cohesion (if any) must be destroyed before a critical state is attained, because the critical state could accommodate an indefinitely developed shear strain at a constant strength. This hypothesis is obviously consistent with the critical-state framework, within which the soil properties do not depend on intergrain bonds at all (Schofield, 2005) . It follows that, if the true cohesion is destroyed well before the soil dilatancy vanishes, one should expect a failure mode qualitatively similar to its remoulded counterpart (critical-state failure), but the peak strength on the 'dry' side will depend not only on the soil density but also on the intergrain bonding. On the other hand, if a true cohesion still exists when the dilatancy approaches zero, then the shear resistance in that state will be contributed by both internal friction and cohesion, but not interlocking. As shear proceeds further, the remaining cohesion will be abruptly destroyed, because the frictional part of resistance, once it prevails, does not restrict further development of shear deformation. This type of failure satisfies the classical Mohr-Coulomb criterion, with which the soil behaves as a brittle material.
Recently, Baudet & Stallebrass (2004) and Yu et al. (2007) , among others, extended the concept of critical-state soil mechanics to geomaterials with bonds. Following the sensitivity framework originally developed by Cotecchia & Chandler (2000) , Baudet & Stallebrass (2004) employed a sensitivity parameter s to characterise an expanded yield surface, called the sensitivity surface. This surface stems from the origin of p-q space, and is s times larger than the intrinsic yield surface for fully remoulded states ( Fig. 2(a) ). The sensitivity surface shrinks gradually in the process of destructuration through an evolution law, by which _ s is related homogeneously to a plastic strain rate. This model has not taken into account the cohesion or tensile strength that is produced by intergrain bonds, and is not intended to make the ultimate states (the fully disturbed states) a critical state on a uniquely defined p-q-e critical-state line (where e is the void ratio). On the other hand, the model proposed by Yu et al. (2007) considers the true cohesion imparted by the bonds between natural soil grains. Two bond-related parameters, p b and p ì (denoted as by p9 t and p9 c respectively in their original paper), are introduced to define the size and location of the yield surface ( Fig. 2(b) ). The yield surface cuts the p ¼ 0 axis with an intercept of 2c, and therefore effectively represents true cohesion. The progressive bond degradation is modelled by evolution laws of p9 c and c, such that they both approach zero when the deformation approaches infinity. The model is not, however, intended to simulate the brittle mode of failure that is linked to an abrupt destruction of the true cohesion.
From the thermodynamics perspective (Collins & Houlsby, 1997; Houlsby & Puzrin, 2000; Collins & Kelly, 2002; Li, 2007a Li, , 2007b , plasticity theory, on which most soil models are based, is a mechanistic framework that describes the dissipation process. As stated by Schofield (1998 Schofield ( , 2005 Schofield ( , 2006 , the dissipation in critical-state theory is due only to internal friction, and not to cohesive or adhesive bonds between disturbed soil grains. It follows that, for natural soils with true cohesion, additional dissipation associated with interparticle bonds must be properly introduced; and when the soil becomes fully disturbed (destructured), the dissipation should merge into the classical critical-state framework: that is, the dissipation mechanism is frictional in nature, and is affected by interlocking (dilatancy). By taking fully destructured states as reference, one finds that bonding has two effects. First, because of bonding, the thermodynamic force conjugate with plastic deformation (dissipative deformation) in dissipation increases, which in turn promotes the dissipation rate (the dissipation per unit plastic deformation). Second, in its formation history, bonding accumulated a certain amount of energy that is locked in the intact soil structure. Once the soil is disturbed, accompanying plastic Yu et al., 2007) deformation, this part of the locked energy is released, so that the soil gradually approaches more stable states (remoulded states).
In this paper, the aforementioned bonding effects are cast into the thermodynamics framework, and an elasto-plastic model consistent with the framework is presented. A calibration procedure is given with which all the material constants can be determined, based on conventional laboratory tests. The model simulations are then compared with available test results in the literature.
THERMODYNAMICS CONSISTENT PLASTICITY FRAMEWORK
The first law of thermodynamics expresses the principle of energy conservation. For a representative unit volume of soil skeleton, it can be written as
where u is the internal energy possessed by the element, ó is the effective stress, å is the strain and Q is the heat entering the element. 'd' and 'ä' denote exact and inexact differentials respectively. As all the stresses in the present paper are effective stresses, the prime conventionally attached to effective stresses is omitted. The second law of thermodynamics states the irreversibility of a process involving dissipation, which is written as
where Ł . 0 is the absolute temperature, s is the entropy, and ª is the entropy production. Note that Łª represents an infinitesimal change in dissipation that is never negative. Combining equations (1) and (2) yields
where the part of the energy free to do work (the Helmholtz free energy) is
and its increment under isothermal conditions where AE, (ó À AE) 1 ó D and ö ¼ Łª are referred to as the back or shifted stress, the dissipative stress and the dissipation respectively. By assuming the dissipation ö ¼ ö(ó D , ó, H) with H denoting the material's internal structure, the balance of the dissipative stress work and internal dissipation results in a function
which is in fact a definition of the yield function in the dissipative stress ó D space. H is materialised by a set of internal variables, which are not necessarily state variables (Rice, 1971) , in the sense that their values in a given state may be path-dependent. Based on the assumption of incremental linearity and the hypothesis of maximum dissipation rate, Ziegler (1983) obtained his famous orthogonality condition ó D ¼ @ö=@(äå p ), which maps into the dissipative stress space, yielding the associative flow rule
where L is a loading index, and k l are the McCauley brackets, such that kLl ¼ L if L > 0, and kLl ¼ 0 otherwise. Clearly, by treating the back stress as a general function of stress and the material's internal structure, AE ¼ AE(ó, H), one can express such a yield function in the actual stress space as
It follows that the condition of consistency is given by
which yields a generally non-associative flow rule and hardening laws depending on the evolution of the back stress AE.
Mean normal effective stress, p Because of incremental linearity, the change in internal variables can be written as äH ¼ hLir, with r functions of stress and material's internal structure in general. Therefore the condition of consistency can be written in the normal form
where K p ¼ À(@ f =@H)r is the plastic modulus. Equation (7) shows clearly that the dissipation ö is not necessarily equal to the plastic work ó : äå p . The dissipation is less than the plastic work if part of the work is stored as locked energy, and the dissipation is greater than the plastic work if previously locked energy is liberated. The latter applies to the process of destructuration, in which the bonding between clay grains is gradually destroyed. From the constitutive model point of view, this effect is reflected by the evolution of the back stress AE, which approaches a limit when the bonds are completely destroyed and the material behaves as a remoulded soil. To be consistent with critical-state soil mechanics theory, such a limit must be reached at critical states where the p-q-e state falls onto a uniquely defined critical-state line. In addition, breaking bonding needs additional power and produces additional dissipation. This is reflected in equation (7) as a higher dissipation ö per unit plastic strain increment äå p . Again, as the interparticle bonds are gradually destroyed, ö eventually merges to its reference values for remoulded states including critical states.
One may therefore conclude that a constitutive model for natural soil with bonds can be built upon the basis of its remoulded counterpart (usually a critical-state model) by modifying the formulations of the dissipation and back stress, as well as their evolution laws (the hardening laws).
Assuming the hypoelastic relation dó ¼ E : äå e ¼ E : (då À äå e ) and recalling the flow rule, equation (8), one obtains by the standard procedure the loading index
and the incremental stress-strain relationship
where E is the elastic stiffness tensor and (12) and (13) are the classical results. The deliberation in this section simply reiterates the generality of the classical elasto-plastic framework, and provides physical interpretations for certain fundamental modelling ingredients.
TRIAXIAL MODEL Following the above general framework, a specific model is developed in the triaxial space, which involves two stress invariants, p ¼ (ó a þ 2ó r )=3 and q ¼ (ó a À ó r ), and two strain invariants, å v ¼ å a þ 2å r and å q ¼ 2(å a À å r )=3, where the subscripts a and r stand for axial and radial respectively.
Hypoelastic relations
The elastic response is described by the commonly used incremental relations
where K and G are the elastic bulk and shear moduli respectively; í and k are two material constants; and v 0 is a reference specific volume at which the volumetric strain å v ¼ 0. Note that the shear modulus so defined depends on the mean normal stress p, making equation (14) 2 hypoelastic. On the other hand, equation (14) 1 is integrable, making the relationship between p and å e v exactly elastic (path independent). Consequently, the plastic volumetric strain å p v is a state variable too.
Yield function
Equation (7) cast into the triaxial space reads as (Roscoe & Burland, 1968; Collins & Kelly, 2002) 
is adopted in the present study, where the parameterM M is a modified version of the Cam-clay constant M (Collins & Kelly, 2002) . For simplicity, the presentation is limited to isotropic material only: thus q AE ¼ 0 and q D ¼ q. It follows that we have
which yields
and
where
q j is the dilatancy. Combining equations (18) and (19) yields an elliptic yield surface (Fig. 3(a) ) in the dissipative stress space, as
Following Li's (2007b) proposition, by defining
the yield function in the actual stress space can be written as
which yields the partial derivatives
In equation (23), p 0 and p b define the size and location of the yield surface respectively, as shown in Fig. 3(b) ; M and AE are two material constants, in which M is the classical Cam-clay parameter (the critical stress ratio), and AE describes the shape of the yield function (Collins & Kelly, 2002) . The introduction of AE distorts the yield surface from an ellipse to a teardrop shape (Fig. 3(b) ), which provides an additional flexibility for better modelling of the shear response. The back or shift stress p AE consists of two components: p 0 , the thermodynamic force to which the dissipation is proportional; and p b , the thermodynamic force conjugate to då p v in the locked energy associated with the interparticle bonding. It is evident that bonding increases p 0 and makes p b negative (release instead of accumulation of the locked energy). With AE ¼ 1, p b ¼ 0, and p 0 defined based on remoulded consolidation states, the yield function reduces to the Cam-clay yield surface.
Following the Cam-clay approach, in the present model the plastic volumetric strain is used as the internal variable characterising the material fabric in remoulded states. An additional internal variable î b is introduced to characterise bonding evolution. Therefore, as p 0 depends on both remoulded and bonding fabric, and p b depends on the bonding fabric only, one has the functional dependences
Flow rule
An associative flow rule holds in the dissipative stress space such that the dilatancy function
For convenience, the loading index is scaled such that
Hardening and plastic modulus The condition of consistency of the yield function (equation (24)
Based on the assumption of incremental linearity, one has
where r b is in general a function of stress and internal variables. The size of the yield surface p 0 can be conceptually categorised into two parts, one due to the internal structure of the particle assemblage and the other due to the interparticle bonding. For remoulded soils p 0 ¼ p å , and for bonded soil p 0 ¼ p å þ p ì , where p ì ¼ p ì (î b ) reflects the additional yielding strength contributed by bonding. With equations (26) }>}>2 and (28), equation (27) can be rewritten in the standard form
where the plastic modulus K p is given by
Following the Cam-clay hardening law
so that
where º, k and N are the familiar Cam-clay constants for the soil in remoulded states; and ı 0 and ı p 0 are the initial specific volume and its plastic part respectively.
The internal variable î b reflects the bonding condition, and is proposed to be an accumulated plastic deformation
and its increment is given by
It can be seen that, in the intact state, î b ¼ 0; and when the material approaches critical state with a zero dilatancy (refer to equation (25)), î b ¼ 1, the bonding is completely destroyed. Therefore î b can be viewed as a measure of bonding destructuration. It follows that p ì can be expressed as an exponential function of î b as
where p ì0 is the initial (intact) value of p ì , and a is a positive material constant controlling the rate of destructuration. Equations (33) and (35) guarantee that the cohesion is destroyed at critical states. The material constant a affects the failure brittleness in cases where significant cohesion is left over during shearing.
Because p ì and p b both originate from the effect of interparticle bonding, they are homogeneously related. For simplicity, the relation is assumed to be linear as well (Yu et al., 2007) , so that
where p b0 and p ì0 are the initial values of p b and p ì . Based on equations (35) and (36), one has
Substituting equations (32), (34) and (37) into equation (30) yields
in which the partial derivatives @ f =@ p 0 and @ f =@ p b have been given by equations (24) 3,4 .
Elasto-plastic stiffness
In triaxial space, the incremental stress-strain relationship equation (13) is reduced to in which the partial derivatives @f/@p and @f/@q have been given in equations (24) 1,2 , and the loading index can be calculated by
As shown in equation (40), the stiffness matrix is generally non-symmetric, which reveals the nature of non-associative flow rule in the actual stress space.
CALIBRATION OF MODEL CONSTANTS
There are seven material constants in the present model. Five of them (º, k, M, N, í) are traditional parameters appearing in the Cam-clay models. The constant AE is used to modify the shape of the yield surface for better prediction of shear response (Collins & Kelly, 2002) . The only new material constant introduced in the present model is a, which controls bonding evolution. In addition, the initial values of the internal variables p å , p b and p ì are to be specified in reference to the intact state of the soil. The five traditional material constants (º, k, M, N, í) can be calibrated based on conventional triaxial tests on remoulded specimens. The procedure is standard, and will not be elaborated further here. AE defines the shape of the yield surface: thus it can be determined in an optimal sense by gathering a set of yield points from triaxial tests along different p-q paths. AE affects the relative spacing in e-ln p space among virgin compression lines of different stress ratios.
The initial value of p å can be determined based on equation (31) (42) where v p 0 is the specific volume of the intact soil specimen at zero effective confining pressure. The initial values of p b and p ì (p b0 and p ì0 ) can be determined simultaneously from two tests on intact specimens: an isotropic compression test and an unconfined compression drained test (the lateral effective stress is zero). Referring to Fig. 4 , the two tests result in two yielding stress values: p yield and q f ¼ 3p f , where
and by invoking the yield function (equation (23)), one has
By solving equations (43) and (44) simultaneously, we obtain p ì0 and p b0 . The material constant a affects the rate of destructuration during loading, which can be determined, again in an optimal sense, by fitting either isotropic or K 0 consolidation data on intact specimens, as illustrated later in Fig. 5 .
MODEL RESPONSES
Model responses under different stress paths are presented to demonstrate the novel features of the proposed model. Fig. 5 shows the model responses to isotropic compression with a set of representative model constants. In the figure, curve 1 shows the response of a remoulded (unbonded) soil, and curves 2 to 5 show the responses of the bonded soil with different combinations of p ì0 , p b0 and a. The impact of each parameter is demonstrated. It can be seen that the bonded soil exhibits a stiffer response up to a higher stress until destructuration occurs, and the yield stress is controlled by the values of p ì0 and p b0 . As shown in the figure, the model constant a affects the rate of destructuration. However, the overall response of isotropic compression is rather insensitive to this parameter. Figure 6 shows the response of drained triaxial shearing tests on the same hypothetical soil with different initial bonds. The shear starts from an overconsolidated state (point C; refer to Fig. 5 ). Fig. 6(a) shows the stress-strain response, and Fig. 6(b) illustrates the evolution of bonding in terms of p ì and p b against the axial strain. Curve 1 shows the behaviour of the remoulded soil (i.e. p ì ¼ 0 and p b ¼ 0), where the material yields at Y r . Curves 2 to 4 show the responses of the bonded specimens. The bonded specimens first yield at Y b , which is noticeably higher than Y r , and this is then followed by softening. The high yield strength is due to the enlarged and shifted yield surface characterised by the parameters p ì and p b . Different rates of strain-softening are associated with different values of a, and the response is rather sensitive to this parameter. This is contrary to the destructuration behaviour under isotropic compression shown in Fig. 5 . As shown in Fig. 6(b) , a higher a gives a markedly faster softening response (a higher destructuration rate). As shear continues, both p ì and p b approach zero, and the ultimate shear strength becomes the same as that for the remoulded specimen, indicating that the bonded soil has been tuned to be fully remoulded, and the strength is governed only by the frictional properties of the material and the confining stress.
According to equations (34) to (37), an abrupt bond destructuration may occur at p ¼ p b þ p 0 =2, as it makes î b approach infinity, resulting in p ì ¼ 0 and p b ¼ 0 almost instantaneously. Fig. 7 shows such a response under drained shear. In the figure shear starts from point B (refer to Fig.  5 ). While the remoulded soil yields at Y r , the bonded specimen starts to yield at a much higher stress Y b . As shown in Fig. 7(b) , Y b happens to satisfy the stress condition 
, resulting in an abrupt destructuration (a brittle failure), as seen in Fig. 7(a) . Figs 7(c) and 7(d) show the brittle rupture of natural soils, Saint Vallier clay and Todi clay adopted from Lefebvre (1970) and Burland (1990) respectively, upon shearing. A very distinct peak and postpeak softening can be identified. One can clearly see that the model is able qualitatively to replicate such brittle rupture response of natural soils. Similar to Fig. 6 , both bonded and remoulded soil give the same critical-state strength (Y cs ) at large strains, in agreement with the observation by Burland et al. (1996) that the post-rupture MohrCoulomb strength line is close to the intrinsic critical-state failure line.
COMPARISON WITH EXPERIMENTS
Attempts have been made to simulate the test results of natural clays reported in the literature. Fig. 8 shows the response of two natural soils (Bothkennar clay and Pisa clay respectively) to one-dimensional compression (Smith et al., 1992; Callisto & Calabresi, 1998) . The 'undisturbed' intact samples bear higher yield stresses than the reconstituted ones, and the destructuration process can be seen upon continuous loading. The experimental results are simulated with the model constants shown in the figure. The simulated response is in good agreement with the experimental data. Figure 9 shows test data on an intact stiff clay (Pietrafitta clay). The tests include one-dimensional consolidation and Lefebvre, 1970) ; (d) Todi clay (adopted from Burland, 1990) triaxial compression shearing (Burland et al., 1996) . The corresponding model simulations are also shown in the figure. The basic model constants such as M, N, º and k can be found in Burland's original paper. Poisson's ratio í is taken as 0 . 2, which is considered as typical. The model constants are summarised in Table 1 , in which the constant a is calibrated on an optimal basis. Fig. 9(a) shows both the experimental and simulated one-dimensional consolidation response of the soil. Good agreement can be readily seen. Figs 9(b) and 9(c) summarise the soil responses during undrained shear (CU test). The number attached to each curve denotes the initial confining pressure prior to shearing. It can be seen that, as the confining pressure increases, the soil becomes more contractive (reflected by an increasing pore pressure change). This trend is well captured by the model. It can also be seen that the model reproduced the softening response shown in all the tests, owing to bond destructuration. In the undrained stress paths, as shown in Fig. 9(c) , experimental data are shown up to the peak only; post-peak modelling responses are represented by dotted lines. Fig. 9(d) shows the drained shear results, both experimental and simulated. In the figure, CD53 denotes the conventional drained shear test with an effective cell pressure of 53 kPa, and CP53 and CP96 denote the constant-p9 shear tests with p9 ¼ 53 and 96 kPa respectively. The simulation broadly captures the trends of the response.
CONCLUSION
This paper demonstrates the development of a thermodynamically consistent constitutive model for natural soils with bonds. Upon plastic loading, the bonds may break and liberate certain accumulated locked energy. The novel aspect of the present model is that it explicitly models the evolution of the thermodynamic force conjugate to plastic volumetric deformation in locked energy such that the bond-associated locked energy is completely released at critical states. The model contains seven model constants, of which five are the conventional Cam-clay parameters. Two additional constants are used to improve the shape of the yield surface, and to characterise the rate of bond destructuration. The performance of the model is demonstrated by numerical examples and by comparisons of the model simulation with test results in the literature. structure (Burland et al., 1996) Conventional parameters Newly introduced parameters 
